Linear compactness and Morita duality for Grothendieck categories  by Pardo, J.L.Gómez & Asensio, P.A.Guil
JOURNAL OF ALGEBRA 148, 53-67 (1992) 
Linear Compactness and Morita Duality 
for Grothendieck Categories* 
J. L. G~)MEZ PARDO AND P. A. GUIL ASENSIO 
Deparlamenlo de Mutemcilicus, Unioersidad de Murcia, 
30001 Murcia, Spain 
Communicated by Kent R. Fulier 
Received May 20, 1990 
1. INTROUUCTION 
The theory of Morita duality for Grothendieck categories arises from the 
desire of extending the classical results on Morita duality to more genera1 
contexts, such as rings with local units [22, 31 and graded rings [16] but 
no less interesting is the fact that it can be applied to the study of &F-3 and 
QF-3’ rings [4-6, lo]. At least two different extensions of the usual con- 
cept of Morita duality from categories of modules to genera1 Grothendieck 
categories have been proposed. The first of them is due to Colby and Fuller 
[4], and can be roughly described as follows. Let D: d 2 d’ : D’ be a 
right adjoint pair of contravariant functors between abelian categories. 
Then D and D’ are said to define a Morita duality in the sense of Colby- 
Fuller (or a Colby-Fuller duality, for short) when D and D’ are exact and 
the full subcategories Z& and &‘; of reflexive objects defined by the adjunc- 
tion are finitely closed (i.e., closed under subobjects, quotient objects, and 
finite coproducts) and contain sets of generators for & and SS?‘, respec- 
tively. 
The second definition comes from a paper by Anh and Wiegandt [3] 
(so that we will also speak of Anh-Wiegandt dualities) and requires, 
for Grothendieck categories .x? and d’, the existence of finitely closed 
generating full subcategories 9’ and Y’ of d and d’, respectively, together 
with a duality (i.e., a contravariant equivalence) between Y and Y’ given 
by functors F : Y 2 9” : F’ (in this case, the objects of Y and 9’ are also 
called reflexive). Obviously, every Colby-Fuller duality between Grothen- 
dieck categories defines a duality between finitely closed generating sub- 
categories but the converse is not true. One of the purposes of this paper 
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is to study the relationship between these two concepts. This problem turns 
out to be related to a question posed by Colby and Fuller in [4, 
pp. 551-552; 6, p. 1851. If d and &’ are module categories and there 
is a right adjoint pair of contravariant functors between them such that 
the associated subcategories of reflexive objects are finitely closed and 
generating, then D and D' must be exact and hence define a Colby-Fuller 
duality (i.e., a Morita duality in the usual sense). This led Colby and Fuller 
to ask whether this also holds for abelian or Grothendieck categories. 
We begin by giving an example that shows that the answer is negative 
in general but, since in this example & and &’ are not Grothendieck 
categories, the problem remains open, for the moment, in this (much more 
interesting) case, with which we deal later on. 
Therefore, we consider this situation in Theorem 3, where we obtain a 
necessary and sufficient condition for Colby and Fuller’s question to have 
an affirmative answer in case J&’ and SZZ’ are Grothendieck categories. This 
condition is that the subcategories of linearly compact objects of d and &’ 
be linearly compact (see definition below; this is automatically true if L&’ 
and &’ are module categories, but not in general). Then, in Example 4(i) 
we show that Colby-Fuller’s question has also a negative answer in 
general, when d and d’ are Grothendieck categories. Examples 4(i) and 
4(ii) also show that, although a duality F: YS Y’ : F' between finitely 
closed generating full subcategories can always be extended to a right 
adjoint pair of contravariant functors D : J&’ t’ d’ : D' (Theorem 5), when 
Y and Y’ are not both linearly compact this adjunction does not define a 
Colby-Fuller duality. This pathological behaviour can be due to the fact 
that the enlarged categories do and &‘b of reflexive objects defined by the 
adjunction are not finitely closed as in Example 4(ii) (in which case D and 
D' cannot be both exact) or, even if LX$ and &‘b are finitely closed, it may 
still happen that D or D' are not exact (Example 4(i)). 
On the positive side we prove that if the categories SZ? and d’ have 
generating sets of (not necessarily small) projectives, then any duality 
between finitely closed generating full subcategories can be extended to a 
Colby-Fuller duality (the corresponding result for functor categories is 
given in [22]). 
In Theorem 9 we exhibit another property of Colby-Fuller dualities 
which sets them apart from Anh-Wiegandt dualities. This is the fact that 
if a Grothendieck category ~2 has a Colby-Fuller duality with a module 
category, then d itself is equivalent to a module category (this extends a 
result given in [lo]). However, even the category of modules over a 
(commutative) ring with Morita duality may have an Anh-Wiegandt 
duality with a Grothendieck category without the latter being equivalent to 
a module category. 
Finally, we obtain necessary and sufficient conditions in terms of linear 
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compactness for a Grothendieck category to have a Colby-Fuller duality 
with another Grothendieck category (with reflexive generators) and give an 
explicit description of this duality. This generalizes the well known one- 
sided characterization of Morita dualities due to Miiller [ 181. As a conse- 
quence we obtain a characterization of QF-3' maximal quotient rings in 
terms of linear compactness that extends the similar theorem for QF-3 
maximal quotient rings due to Ringel and Tachikawa [20, Theorem 2.11. 
2. PRELIMINARIES AND NOTATIONS 
Throughout this paper R denotes an associative ring with identity and 
R-Mod (Mod-R), the category of left (resp. right) R-modules. A right 
adjoint pair D : & 2 d’ : D' of contravariant functors between abelian 
categories d and s$” consists of contravariant functors D, D' together with 
natural isomorphisms: 
ylA, As: Hom,(A, D'A') + Hom,,.(A’, DA). 
Associated with g,, A, there are arrows of right adjunction c: 1 ,d + D' o D 
and c’: l,, + Do D' defined by (TV = qi,lDA( 1 DA) and a>. = qD,,,,., A,( l,,,,), 
respectively. 
An object A of r;4 (A’ of ~2’) is said to be reflexive in case r~,., (resp. 02,) 
is an isomorphism. D and D' define a Colby-Fuller duality in case D and 
D' are exact and the subcategories JZ& and &b of reflexive objects are 
closed under subobjects and quotient objects and contain sets of generators 
of d and &“, respectively. 
Recall that a ring is left QF-3 when it has a minimal faithful left module, 
i.e., a faithful module which is a direct summand of every faithful module. 
Also, R is left QF-3' when the injective envelope E( RR) is torsionless. When 
R is left and right QF-3', we will simply say that it is a QF-3' ring, and a 
similar convention will be used for other classes of rings. For instance, R 
is a maximal quotient ring when it is its own (two-sided) maximal quotient 
ring. As in [4], we will follow for the endomorphism ring of an object A 
of a Grothendieck category d the established custom for left modules, so 
that we let End,(A) = Hom,,(A, A)OPP. 
Associated with the filter of dense left ideals of R [21, p. 1491, there is 
a localizing subcategory 9 of R-Mod, called the dense (or Lambek) 
localizing subcategory; the dense localizing subcategory of Mod-R will be 
denoted by 63’. 
We refer to [2, 211 for all the undefined notions used in the text. 
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3. RESULTS 
We start by answering negatively the question of Colby and Fuller 
referred to above, in the simpler case of abelian categories. 
EXAMPLE 1. Let ~2 be the full subcategory of Ab = H-Mod, consisting 
of all the artinian p-groups, where p is a fixed prime. Since & is obviously 
a finitely closed subcategory of Ab, it is an abelian category. In fact, the 
objects of d are precisely the finite direct sums of cyclic p-groups Z(p”) 
and copies of the Prtifer group Z(p”) [7, Theorem 25.11. If T: Ab + Ab 
denotes the torsion functor, which assigns to each abelian group its torsion 
subgroup, it is clear that we can define a contravariant functor 
D=T(Hom,(-,Z(p”)):&+&‘. 
Further, D is adjoint on the right of itself for if X, Y are objects of d, 
we have canonical isomorphisms, HomAX Wom,(Y, Z(P”)))) z 
Hom,(X, Hom,( Y, Z(p”))) g Hom,( Y, Hom,(X, Z(p”))) z Hom,( Y, 
T(Hom,(X, Z(p”))). On the other hand, since Homz(Z(pn), Z(p”)) is 
canonically isomorphic to Z(p”) and Hom,(Z(p”), Z(p”)) is the additive 
group of the ring of p-adic integers, which is torsionfree, we see that the 
class J& of reflexive objects of d with respect to this adjunction consists 
precisely of the finite p-groups. Therefore d0 is a finitely closed generating 
subcategory of &. However, D is not exact as it can be readily seen by 
applying it to the inclusion Z(p”) cs Z(p”). 
The above example does not settle Colby and Fuller’s question in a 
satisfactory way, due to the fact that d is not a Grothendieck category. 
Thus, from now on we will focus on Grothendieck categories and we will 
see that Colby-Fuller’s problem also has a negative answer in this case. 
But first, we shall give a result which provides a necessary and sufficient 
condition for the exactness of the adjoint functors to hold and, at the same 
time, establishes the connection between Anh-Wiegandt dualities and 
Colby-Fuller dualities. 
Recall from [9] that an object X of a Grothendieck category z! is called 
linearly compact when, for each inverse system of epimorphisms 
{.I’* X,}, in JZI, the induced morphism lim pi: A’+ !~IJA’, is also an 
epimorphism (when XI = R-Mod, this reduces to the concept of a linearly 
compact module (in the discrete topology)). We will also say that a full 
subcategory ‘%? of d is linearly compact when, for each epimorphism of 
inverse systems {Xi 2 Y,}, in d, with the Xi belonging to %?, the induced 
morphism hr~ pi: ~IJ X, + lim Y, is an epimorphism. If %? is a linearly 
compact subcategory of &, then each object of %? is linearly compact but, 
as we shall see below (Examples 4) the converse is not true. 
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LEMMA 2. Let d and d’ be Grothendieck categories and 
D : d 2 d’ : D’ a right adjoint pair of contravariant functors with sub- 
categories of reflexive objects ~4~ and ~4;. If ~4~ and db are finitely closed, 
then each object of S& is linearly compact in r;9. If D is exact and G& and 
&b are closed under quotient objects and generating, then the converse holds. 
Proof To prove the first part observe that if X is an object of & and 
{X3 Xi}, is an inverse system of epimorpl$ms in d, then, as D is left 
exact, we have a direct system in d’ {DXj4 DX),, where the Dp; are 
monomorphisms. Since X and the Xi belong to i;lb, we see that 
lim pir lim D’Dp, E D’(h Dpi). By AB5 we know that lim Dpi is a 
monomorphism and thus the result will follow if we prove that if u: L + M 
is a monomorphism in d’ with M in &b, then D’u is an epimorphism. In 
this case, we have an exact sequence 0 -+ L -% M-% N -+ 0, where 
N = Coker u and this gives an exact sequence 0 + D’N 3 D’M J% D’L. 
Let T= Im(D’u) and D’u = s 0 r with r an epimorphism and s a 
monomorphism. Then we have a commutative diagram 
in which alM and ah are isomorphisms (for M, N are in &‘l;eb) and so we see 
that Ds 0 a; is an isomorphism. Since a; is also an isomorphism, we obtain 
that Ds is an isomorphism. Now, since T and D’L belong to dO, we see 
that s r D’Ds and so s is an isomorphism, which shows that D’u is an 
epimorphism. 
To prove the converse, let X be a linearly compact object of d and 
ox: X -+ D’DX the adjunction morphism. Since J&‘; is closed under quotient 
objects and a generating subcategory of &‘I, we have a direct system 
{ ql: Y, -+ OX}, in d’, such that Yi is in G?&, each qi is a monomorphism 
and l& qi: l_in? Yi -+ DX is an isomorphism. Let now pi = D’q, 0 ox for each 
i E I. Then we have 
Dpiody,= Doxo DD’q,oo;,= Doxor&oq,= qi 
(for Da, 0 ahx = 1 Dx by adjunction). Now, the qi are monomorphisms and, 
since Yi belongs to dO, the a’,,, are isomorphisms, from which it follows 
that each Dpi is a monomorphism in d’. Since D is left exact, this implies 
that D(Coker pi) = 0. But, on the other hand, since D is exact and db is 
generating and closed under quotient objects, the argument of the proof of 
[4, Proposition 2.3(i)] shows that D is also faithful and so we have that 
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Coker pi= 0 and hence pi is an epimorphism. Thus we have in S! an 
inverse system {X 2 D’Yj},, where pi= D’q,oa,. Therefore lim pi= 
lim D’qia ox = D’(b qi) 0 gX 2 ox. Since X is, by hypothesis, linearly 
compact, we see that ox is an epimorphism. Using again the fact that D is 
faithful and (the proof of) [6, Lemma 31, we see that cX must be an 
isomorphism and this completes the proof. m 
Now, we are ready to give a necessary and sufficient condition for 
Colby-Fuller’s question to have an affirmative answer. 
THEOREM 3. Let D : d 2 SS?’ : D’ be a right aa’joint pair of contravariant 
functors between Grothendieck categories. Then the following conditions are 
equivalent : 
(i) There exist finitely closed, generating, linearly compact sub- 
categories Y and 9’ of .& and d’, such that D and D’ induce a duality 
between Y and 9’. 
(ii) The subcategories of linearly compact objects of & and &‘ are 
linearly compact and the categories of reflexive objects dO and LZZ~ are 
finitely closed and generating. 
(iii) D and D’ define a Colby-Fuller duality between d and d’. 
Proof: (i) + (iii) Let us first show that D is exact. We already know 
that D is left exact and if u: X + Y is a monomorphism in d then, since 
Y is finitely closed and generating, we may write Y = lint Yi, where the Y, 
are subobjects of Y belonging to 9’. Then, by AB5 we have that 
X=Q(Xn Y,) and calling ui: Xn Yi -+ Yi to the induced morphisms, we 
obtain that u = lim ui. Since D takes direct limits into inverse limits, we 
have that D(u) = D&I ui) = FIJI D(u,). Now, since Xn Y, and Y, belong to 
9, we see that {D(u,)}, is an epimorphism of inverse systems in &“, with 
D( Y,) in 9” and, since 9’ is a linearly compact subcategory of d’, we 
obtain that D(u) is an epimorphism. By symmetry it follows that D’ is also 
exact and, mimicking the proof of [4, Prop. 2.3(i)] (with Y and 9” 
replacing JS$ and XI;), we deduce that D and D’ are in fact faithful 
functors. But then, applying [6, Proposition 41, we see that D and D’ 
define a Colby-Fuller duality. 
(iii) S- (ii) Observe that, by Lemma 2, the subcategories of linearly 
compact objects of & and &’ are S& and &b, respectively. To show that 
they are linearly compact subcategories, consider an epimorphism of 
inverse systems {pi: X, + Y,), in A@‘, with X, in d0 (so that also Y,EJz&). 
Then { Dpi: D Y, + DXi}, is a monomorphism of direct systems in &” with 
D Y, and DX, objects of JS?&. Taking direct limits we obtain a monomorphism 
b Dp,: lim DY, --t l& DXi 
MORITA DUALITY 59 
and, applying D’, we obtain D’(l&r Dpi) z l@r~ D’Dpirlimpi. Then, the 
exactness of D’ shows that limp, is an epimorphism and the proof of the 
implication can be completed by symmetry. 
(ii) = (i) Since all objects of do and &b are linearly compact by 
Lemma 2, we see that dO and &‘b are linearly compact subcategories of .F4 
and .d’ and so (i) holds taking Y = J& and Y’ =&b. 1 
EXAMPLE 4. (i) First we give an example that shows that if in condi- 
tions (i) and (ii) of Theorem 3 we drop the linear compactness hypotheses, 
then the equivalence with (iii) is no longer true, that is, D and D’ are not 
necessarily exact. This gives a negative answer to Colby-Fuller’s question 
for Grothendieck categories and shows that a right adjoint pair of 
contravariant functors D : d 2 d’ : D’ may define an Anh-Wiegandt 
duality without defining a ColbyyFuller duality. 
Let d be the full subcategory of Ab whose objects are all the p-groups 
(for a fixed prime p). Since .d is a closed subcategory of Ab, it is 
a Grothendieck category; the finite (or even the cyclic) p-groups are 
a system of generators of ,d. Let Z, be the ring of p-adic integers and 
d’ = Z,-mod the category of p-adic modules. Consider the functors 
D = Hom,( -, Z(p”)): ,d -+ d’ and D’= T(HomzP( -, Z(p”))): d’ + d, 
where T denotes the torsion functor. As in Example 1, one may check that 
D and D’ form a right adjoint pair, and, while D is exact, D’ is not exact 
for D’(Z(p”)) =O. 
Now, this right adjoint pair induces a duality between the category of 
artinian p-groups and the category of noetherian (i.e., finitely generated) 
p-adic modules, which, as it is well known, are just the finite direct sums 
of cyclic p-adic modules. In fact, since the category of artinian p-groups is 
equivalent to the category of artinian p-adic modules, this induced duality 
can be regarded as an instance of a Matlis duality (see [14]). We claim 
that the categories of reflexive objects zz& and ~2; associated with this right 
adjoint pair are finitely closed and generating. This will follow if we show 
that &‘b is precisely the category of finitely generated p-adic modules, for 
in that case dO must be equal to the category of artinian p-groups. 
To prove this, let X be an object of ~4;. Then, by the structure theorem 
of Fuchs for character groups [7, Theorem 47.11, X must be of the form 
n, Z( p”‘) @ n, Z, for some sets 1, J. We must show that I and J are finite. 
Assume first that X= n, Z(p”‘) with I infinite. Since Z(p”) is an injective 
Z,-module, there is an epimorphism of abelian groups, 
Hom&G Z(P”)) --+ HomzP 
( 
0 Z(P”‘), Z(P”) z n Q”‘). 
I > I 
Since each Z(p”‘) contains a subgroup isomorphic to Z(p), we see that 
Homzp (0, Z(p”l), Z(p”)) contains a subgroup A z n, Z(p), so that, in 
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particular, pA = 0. We claim that there exists a subgroup B c D’(X) such 
that (BI > (A( (where 1 1 denotes the cardinality of a set). Indeed, each 
Z,-homomorphism f E A can be factored in the form, 
f: 0 Z(P”‘) “1, @ Z(p)2 Z(p”), 
I I 
where uf((xi))= (f,(xi)) and uJ(y,))=x, yi, with f, equal to the 
restriction of f to Z(p”‘). By the injectivity of Z(p”) one may extend 
u/ to a HP-homomorphism u;: I& H(p) -+Z(p”). Also, we have a 
Z,-homomorphism ~4;: fl, Z(p”‘) -+ nl Z(p) given by u;((xi)) = (fi(xi)) 
and it is clear that, setting f’ = ujo z$, f’ is an extension off to X which 
satisfies pf’ = 0 (since puj = 0) and so f’ E D’X. If we call B to the subgroup 
of D’X generated by all the f’ with f ranging over A, we see that (B( 2 (A(. 
Thus we have that (D’XI 3 1 BI 2 IAl = 2”‘. Now, using [7, Corollary 47.51, 
we see that ) DD’XI = 21D’x1 > 2*“. But, on the other hand, JXJ = 2”’ and so 
X cannot be reflexive. 
The case in which X= n, Z, with J infinite can be dealt with in an 
entirely similar way. As before we obtain an epimorphism of abelian 
grow, 
Homzp(X, Z(p”)) -+ Homzp 0 z,, Z(P”) z n Z(P”). 
.I > .I 
Since Z(p”) contains a copy of Z(p), we argue as before to show that 
D’X contains a subgroup whose cardinality is 3 In, H(p”)( = 2”‘, so that 
we have jDD’X( 3 2*“. But, since (HP1 = 2’O, we have that 1x1 = 2”’ and so 
we see again that X cannot belong to db. 
(ii) A modification of Example 1 allows us to obtain a more 
pathological situation, in which there is a right adjoint pair of 
contravariant functors between Grothendieck categories which induce an 
Anh-Wiegandt duality but such that not only D and D’ are not exact but 
d0 and &b are not finitely closed. 
Let, as in Example 4(i), d be the category of abelian p-groups and let 
D: &’ + &’ be the functor D = T(Hom,( -, Z(p”)), where T denotes the 
torsion functor. Then D forms a right adjoint pair with itself and it is not 
exact. If we take Y equal to the category of finite p-groups, we see that 9’ 
is a finitely closed generating subcategory of cc4 and D induces a duality 
(contravariant equivalence) of 9’ with itself (so that we have another 
Anh-Wiegandt duality which does not extend to a Colby-Fuller duality). 
Using again the structure theorem of Fuchs for character groups, one may 
check that there exists a canonical isomorphism D( T(n,“= 1 Z(p”))) z 
T(n,“=, Z(p”)) which in turn induces a canonical isomorphism 
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T(rI,“=, W”))= D’(T(lX=, W’))) an s d h ows that this group belongs 
to &. On the other hand, we also have that D2( Or= i Z(p”)) G 
T(fl,“= 1 Z(p”)) and hence @ ,“=, Z(p”) does not belong to zz&, so that do 
is not closed under subobjects. Observe also that Z(p”) is a linearly com- 
pact object of d which does not belong to s&, while T(n,“=, Z(p”)) 
belongs to z& but is not linearly compact. 
From the perspective of Theorem 3, the behaviour of Examples 4(i) and 
4(ii) comes from the fact that the subcategories of artinian or finite 
p-groups are not linearly compact subcategories of the category of all 
abelian p-groups, despite the fact that all their objects are linearly compact. 
This follows from Theorem 3 but it is also easily checked directly. 
Next we give a result that strengthens the equivalence between (i) and 
(ii) of Theorem 3 and shows in a more precise way the difference between 
Anh-Wiegandt dualities and Colby-Fuller dualities. 
THEOREM 5. Consider an Anh- Wiegandt duality between Crothendieck 
categories d and d’ given by a contravariant equivalence F: Y 2 Y’ : F’ 
between finitely closed generating subcategories Y and 9’. Then F and F’ 
can be extended to a right adjoint pair of contravariant functors 
D : d 2 d’ : D’. Further, these functors define a Colby-Fuller duality if and 
only if Y and 9” are linearly compact subcategories of & and &‘I. 
Proof The last part follows at once from the first one using Theorem 3, 
so that we only have to show that F and F’ can be extended to a right 
adjoint pair of functors between d and .c4’. First we show how to extend 
F to a functor D: d + ~4’. Let X be an object of d which is obtained in 
two different ways, X= l&r, Xi, X= br X,, as direct limit of subobjects 
Xi, X, of Y. If we set X, = X, n X, for each ic Z, jg J, then by AB5, 
Xi = @, X,, while Xj = l&, X,. Now, since the Xi and the X, are objects 
of 9, and 9” is a generating subcategory of sZ’, it is not difficult to see 
that FX, = b, FX, and FX, = h, FX,. Therefore we have isomorphisms, 
b, FX, = b, F((lim, X,) = b,b, FX, = bJ1im, FX, = h, FX, 
(where we have used the fact that the limit functor preserves limits (see, 
e.g., [21, Proposition IV.8.81)). Thus we may define D(X)=b, FX,. 
Now, if f: X * Y is a morphism in ~2, we choose direct systems {X,} K and 
( Y,}, of subobjects of X and Y in Y such that h, X, =X, &, Y, = Y. 
If we call X, = X, n fp ‘(Y,), we have that X = b X, and we obtain 
induced morphisms fik: Xik + Y, such that l& frk =J Then we define 
Df = l& Ff, and, as before, we may see that Df is independent of the 
{X,} K and { Yi}, chosen and that, in fact, we have a contravariant functor 
D: d -+ d’. By symmetry, we may construct a contravariant functor 
D’: .&’ + ~2 whose restriction to Y’ coincides with F’. Then, if X and X’ 
are objects of ,r$ and sZ’, respectively, and we write X= l&r, Xi, 
62 G6MEZ PARDOANDGUILASENSIO 
x’=b, Xi’ with A’, and X,! objects of Sp and Y’, we have that 
Horn&(X, D’J?) zb,b, Hom,(X,, F/A’,!). Now, Horn&(X,, F’X,‘) is 
canonically isomorphic to Hom,,.(X;, FX,) and so we obtain a canonical 
isomorphism 
Hom,,(X, D’X’) z Hom.d(X’, DA’) 
which shows that D and D’ are a right adjoint pair. 1 
Now, we are ready to exploit Theorem 5 to obtain a positive answer to 
Colby-Fuller’s question in an important particular case. We will need the 
following lemma. 
LEMMA 6. Let R be a ring. Then the full subcategory of R-Mod 
consisting of all the linearly compact modules is a linearly compact sub- 
category of R-Mod. 
Proof This is just a particular case of [12, Theorem 7.13 (see also [19, 
Lemma 5.71). 1 
COROLLARY 7. Let F : Y c’ Y’ : F’ be an Anh- Weigandt duality between 
Grothendieck categories & and &‘. If ,d and d’ have generating sets of 
projective objects, then F and F’ can be extended to a right adjoint pair that 
induces a Colby-Fuller duality between d and ~4’. 
Proof Using Theorem 5 we only have to show that Y and Y’ 
are linearly compact subcategories of SJ and &“, respectively. By the 
Gabriel-Popescu Theorem [21, Theorem X.4.11, if U is a (not necessarily 
reflexive) projective generator of d and R = End,(U), then the functor 
Horn&( U, -): d + R-Mod (which in this case is exact since U is projec- 
tive) is full, faithful, and induces an equivalence of categories between d 
and a quotient category of R-Mod. This allows the identification of d with 
a full subcategory of R-Mod such that the inclusion functor is exact and a 
right adjoint. Under this identification, we see that limits in d can be 
taken in R-Mod and this, together with the fact that the inclusion functor 
preserves epimorphisms, implies that the linearly compact objects of J& are 
also linearly compact when regarded as objects of R-Mod. Using Lemma 6 
we see that, since Y and ,Y’ consist of linearly compact objects (in &’ and 
&‘), they are, in fact, linearly compact subcategories. Thus we may use 
Theorem 5 to finish the proof. 1 
Remark. Corollary 7 was known to hold for functor categories by 
results of Yamagata [22], but our hypotheses are strictly weaker as the 
following example shows. 
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EXAMPLE 8. We may construct a Colby-Fuller duality between 
Grothendieck categories which have generating sets of reflexive projective 
objects but no generating sets of small projectives in the following way. Let 
R be a left and right self-injective Von Neumann regular ring which is not 
a product of endomorphism rings of left vector spaces over skew fields (i.e., 
R has a non-essential left socle). Let R&* and J,, be the categories of left 
and right non-singular injective R-modules, respectively; and consider the 
Colby-Fuller duality between them induced by the R-dual functors. Then, 
R itself is a projective generator of RJlr (and of A;) but ,+V” does not have 
a generating set of small projectives. Indeed, ,&‘” is a spectral category 
which, since R is not a product of full linear rings, is not discrete (i.e., every 
object of RJf is injective, but not every object is semisimple) [21, Prop. 
X11.2.41. But then +t/ is not locally finitely generated by [21, Prop. V.6.71 
and this implies our assertion. A specific example of this situation is 
provided by the left and right self-injective Von Neumann regular ring 
constructed in [ll, Example 10.71. This ring is of Type II and hence it 
cannot be a product of full linear rings. 
We are going to exhibit a property of Colby-Fuller dualities which is not 
shared by Anh-Wiegandt dualities. Recall that in [lo] it has been proved 
that if a Grothendieck category has a Colby-Fuller duality with a module 
category and there are reflexive generators in both categories, then d itself 
is (equivalent o) a module category. More generally, we have: 
THEOREM 9. Let D : d 2 AS!’ :D’ be a Colby-Fuller duality between 
Grothendieck categories d and d’. If STJ is (equivalent to) a category of 
modules, then so is d’. 
Proof. Let R be a ring such that d is equivalent to R-Mod. Then we 
have a Colby-Fuller duality between R-Mod and d’ and, since R-Mod has 
a generating set of reflexive objects and RR is finitely generated, we see that 
RR is reflexive and hence R is left linearly compact (by Lemma 2). As it is 
well known, this implies that R is semiperfect and so the category R-Mod 
has only a finite number of isomorphism classes of simple modules. Let 
{U,}, be a reflexive generating set of &‘. Then, by [4, Prop. 2.31, 
{ D’( Ui) } I is a reflexive cogenerating set of R-Mod and thus, in particular, 
each D’( Vi) is a linearly compact module. Now, the injective envelopes of 
the simple left R-modules are finitely cogenerated and hence they are 
linearly compact, so that the minimal cogenerator & of R-Mod is also 
linearly compact. But then, using Lemma 2, we see that & is reflexive and, 
using again [4, Prop. 2.31 we obtain that d’ has a reflexive generator. 
Thus the result follows from [lo, Theorem 31. 1 
4Xl’l4%l-5 
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Remark. The analogue of Theorem 9 for Anh-Wiegandt dualities is not 
true for, even if R is a (commutative) ring with Morita duality, the 
category R-Mod may have an Anh-Wiegandt duality with a Grothendieck 
category which is not equivalent to a module category. An instance of this 
situation is provided by Example 4(i). 
We may apply Theorem 9 to graded Morita dualities between group- 
graded rings (see [ 16, Definition 2.31 for the definition), which are par- 
ticular cases of Colby-Fuller dualities. In [ 151, a group-graded ring R is 
called left F.G.G. when there is an equivalence between the category R-gr 
of graded left R-modules and the category A-Mod for some ring A (in fact, 
being F.G.G. is a left-right symmetric property). 
COROLLARY 10. Let R be a group-graded ring which has a left graded 
Morita duality with another group-graded ring S. If R is F.G.G., then so is S. 
It is well known that a ring R has a left Morita duality precisely when 
R-Mod has a linearly compact generator-cogenerator [18]. Our previous 
results suggest the following extension of this characterization to Colby- 
Fuller dualities between Grothendieck categories. 
THEOREM 11. Let &’ be a Grothendieck category. Then the following 
statements are equivalent: 
(i) There exists a Grothendieck category .c9’ and a Colby-Fuller 
duality D : d 2 &‘I : D’ with rejlexive generators. 
(ii) d has a generator-cogenerator U such that the smallest finitely 
closed subcategory of d containing U is a linearly compact subcategory. 
Proof: (i) * (ii) Since there is a Colby-Fuller duality D : ~2’ 2 A%” : D’ 
with reflexive generators, & has a reflexive generator-cogenerator which, 
by Lemma 2, is linearly compact. Furthermore, Theorem 3 shows that the 
subcategory of linearly compact objects of & is linearly compact. 
(ii) * (i) Let R = End,,(U). By [ 17, Theorem 8.33, d is equivalent 
to the quotient category R-Mod/g, where 9 is the Lambek localizing sub- 
category of R-Mod (corresponding to the torsion theory cogenerated by 
,!?( RR)) and R is &&closed (i.e., R is its own maximal left quotient ring) and 
a left QF-3’ ring. We may identify d with R-Mod/s, so that U becomes 
R and the smallest finitely closed subcategory of R-Mod/g containing R is 
linearly compact. Let ( )* denote the R-dual functors. We claim that ( )**: 
Mod-R -+ Mod-R preserves monomorphisms. 
Consider first the case in which i: J+ R, is the inclusion, where J is a 
finitely generated right ideal of R, say J= x:=, a,R. Assume that j** is not 
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a monomorphism. Then there exists a homomorphism cp: J* -+ RR such 
thatcp#Obutcp~j*=O.LethEJ*besuchthatcp(h)#Oand~:J*-*.R” 
given by $(f) = (f(a;))i=i ...n f or every f~ J*. Then II/ is a monomorphism 
and if u: RR + E(,R) denotes the inclusion, we obtain by injectivity a 
homomorphism of left R-modules (p: R” --, E( RR) such that (p 0 I/I = u 0 cp, so 
that, in particular ($3 0 $)(A) # 0. Now, since R is left QF-3’, E( RR) embeds 
in a direct product R’ of copies of R with inclusion v: E( RR) + R’. Then, 
composing vo (p with a suitable projection p: RI--f R we obtain a 
homomorphism LX: RRn + RR such that (a~rC/)(h)#O but xo$o,j*=O 
because c( 0 $ factors through cp. 
Let now h E Hom,( @y=, a;R, R>) be the homomorphism defined by 
h(u,r,, . ..) unr,) = (44) rl, . . . . h(u,) r,,). If we regard @y= r u,R as an 
abelian subgroup of R”, we see that, since c1 is a homomorphism of left 
R-modules (and hence acts by right multiplication with an element of R in 
each component of R”), a( @ r= I u,R) E J and thus we have a commutative 
diagram in the category of abelian groups 









Then we have that (tlo $)(A) = cc(h(a,), .. . . /~(a,)) = cc(h(u,, .. . . a,)) = 
44a,, ...’ a,)) = h(cr 0 $(j)) = h(cr 0 + oj*( 1)) = 0, which is a contradiction 
and shows that j** is indeed a monomorphism. 
Now, let J be any right ideal of R with inclusion j: J-+ RR. If { Ji}, 
is the family of finitely generated right ideals of R contained in J, with 
inclusions ji: J, -+ RR, we may write j = b j,. Since each ji** is a 
monomorphism in Mod-R, we have that (Coker j,*)* = 0 and this means 
that Coker jy is Lambek-torsion in R-Mod (remember that R is left QF-3’) 
and so ji* is an epimorphism in R-Mod/9 (observe that, since RR belongs 
to R-Mod/g, all R-duals of right R-modules also belong to R-Mod/g). 
Since our hypothesis implies that R is a linearly compact object of 
R-Mod/g, we have that j* = (Q j,)* = b j* is an epimorphism in 
R-Mod/9 and from this it follows that j** is a monomorphism in Mod-R. 
Assume now that j: X+ R” is a monomorphism, for some n 3 1. Arguing 
inductively, we may assume that n = 2 and in this case we obtain in Mod-R 
a commutative diagram with exact rows 
O-R-R2-R-0 
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which gives in R-Mod/g another commutative diagram with exact rows 
O-R-R2- R-O 
in which u* and u* are epimorphisms, so that by the Ker-Coker Lemma 
j* is also an epimorphism in R-Mod/g, which means that j** is a 
monomorphism. 
Now, if j: X-+ Rg’ is a monomorphism, for some (not necessarily finite) 
set Z, then we may write j as a direct limit of monomorphisms j = lick. j,: 
XF-, K where F ranges over the finite subsets of Z and X, are suitable 
submodules of X. Then, each jF is an epimorphism in R-Mod/g and, since 
the smallest finitely closed subcategory of R-Mod/9 which contains R is 
linearly compact, we have that j* =h,j: is an epimorphism in 
R-Mod/S, which again implies that j** is a monomorphism. 
Finally, if j: X-r Y is an arbitrary monomorphism of Mod-R, then 
writing Y as a quotient module of some R(‘), p: R(‘) -+ Y+ 0 and setting 
K = p- ‘(Im j), and u the inclusion of K in R(‘), we immediately see that 
since u* is an epimorphism in R-Mod/g, so is j* and thus we have shown 
that ( )**: Mod-R -+ Mod-R preserves monomorphisms. Using now [6, 
Theorem 11, we see that R is a right QF-3’ ring. Thus R is a QF-3’ ring 
which is its own maximal left quotient ring, so that (see, e.g., [ 13, 
Lemma 2]), R is also its own maximal right quotient ring. Then, it follows 
from [4, Theorem 3.3; 6, Theorem 21 that the R-dual functors induce a 
Colby-Fuller duality between R-Mod/g and Mod-R/P, where $9’ is the 
Lambek localizing subcategory of Mod-R. n 
As a consequence of Theorem 11, we may extend to QF-3’ maximal 
quotient rings the characterization of QF-3 maximal quotient rings in terms 
of linear compactness given in [20, Theorem 2.11: 
COROLLARY 12. A ring R is a QF-3’ maximal quotient ring if and only 
if it is the endomorphism ring of a generator-cogenerator U of a Grothen- 
dieck category STZ’ such that the smallest finitely closed subcategory of d 
containing U is linearly compact. 
Proof: It is a consequence of [4, Theorem 3.1; 6, Theorem 21, 
Lemma 2, and Theorem 11. 1 
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